We study generalizations of the Forest Fire model introduced in [4] and [9] by allowing the rates at which the tree grow to depend on their location, introducing long-range burning, as well as continuous-space generalization of the model. We establish that in all the models in consideration the time required to reach site at distance x from the origin is of order at most (log x) 2+δ .
Introduction
The purpose of this paper is to generalize the results for the version of forest fire model studied in [9] . In that model, one considers the following continues time process on Z + = {1, 2, . . . }. Let η x (t) ∈ {0, 1} be the state of site x ∈ Z + at time t ≥ 0. Site x is declared vacant (occupied resp.) if η x = 0 (η x = 1 resp.) The process evolves as follows: vacant sites become occupied with rate 1; after they are occupied, they can be "burnt" by a fire spread from a neighbour on the left, which makes them vacant again. There is a constant source of fire attached to site 0; so when site 0 becomes occupied, the whole connected cluster of occupied sites which contains 0 is instantaneously burnt out. Initially all the sites are vacant. We are interested in the dynamics of process {η x (t)} as t → ∞. For other relevant models on forest fire we refer the reader to [2] and [3] ; also, some more recent results dealing with complete graphs can be found in [5] and for planar lattices in [7] . See also [8] for the connection between multiplicative coalescent with linear deletion and forest fires.
In the current paper we will allow the rates at which vacant site x becomes occupied to depend on x; also we will consider a long-range model where the fires can spread further than to the immediate neighbour of the "burning" site. The results are presented in Theorems 1 and 2 below. We also consider a continuous-space generalization of the process where the trees grow not on Z + but on R + ; the main result here is our Theorem 3.
Finally, we note that the bounds on the expected time to reach point x given by Theorems 1 and 3 are probably suboptimal; we expect them to be in reality of order log x rather than log 2+δ x, similarly to [9] , however, we do not see how to prove it in a general case.
Throughout the paper we will uses notation a(t) ≍ b(t) if lim t→∞ a(t)/b(t) = 1.
Consider the following modification of the forest fire process. Assume that there are no fires at all, and wait for the first time when there is a connected component connecting the origin and point x. This will provide a trivial lower bound for the minimum time necessary to reach this point.
More formally, let ω(x, t) ∈ {0, 1} for x ∈ Z + , t ≥ 0 be the state of site x at time t, we say that x is occupied (vacant resp.) if ω = 1 (ω = 0 resp.) At time zero all the states are vacant, i.e., ω(x, 0) = 0 for all x. Given a deterministic sequence {λ x } x∈Z+ for each x we have and independent Poisson process of rate λ x . At each arrival time of the process, the state ω(x, t) becomes 1, regardless of its previous value. This defines the green process.
The forest fire process is easily defined on the same probability space as the green process, with the additional rule which says that whenever site 1 becomes occupied, all the sites of the connected component of occupied sites containing 1 become vacant (we say that x and y are connected whenever |x − y| ≤ r where r is some positive integer, the range of the process. The previously studied case r = 1 is referred to as the "short" range as opposed to the "long" range when r ≥ 2).
Let N (t) be the length of the connected component containing the origin at time t. From here, λ x ≡ 1 and r = 1. The process N is thus a time inhomogeneous pure jump Markov process on Z + with unit jump rate and with a geometric(e −t ) jump distribution,
In particular, N (t)e −t converges in law to an exponential variable.
We will consider two following models.
Non-homogeneous, long-range process.
Suppose that the rate at which site x become occupied depends on the site, and denoted by λ x . Throughout the paper we will assume uniform bounds on these rates
for some fixed constants c 2 > c 1 > 0. We will assume also that the process is long range, that is, when the fire hits points x it burns all vertices in [x, x + 1, . . . , x + r] for some fixed positive integer r ("range").
Note that in the original model in [9] λ x = 1 for all x, and r = 1.
Continuous tree model on R + . Let τ x , x ∈ R + be the first time point x is covered by fire. We want to show that τ x is of order log x. Proposition 1. Let τ x be the time of the first fire at point x and τ green x the same quantity for the green process.
We have:
• The original forest fire process is always behind or equal green process (there is coupling) such that τ x ≥ τ green x for all ω.
• Nevertheless, sometimes green process coincides with the original process: for almost all ω there is an infinite
Proof. This follows immediately from the construction of the two process on the same probability space. In particular, when the fire process reaches some vertex x for the very first time, it coincides with the "green" process, since at the infinitesimal moment before that all the vertices to the right of x are in the same state for both processes.
Non-homogeneous and long-range processes
The main result of this section is Theorem 1. Assume that the fire forest process is non-homogeneous and long-range, for some r, c 1 and c 2 . For any δ > 0 and all large x
Observe that this result does not depend on values c 1 , c 2 , r. The proof of the above statement will follow from Sections 3.2.2 and 3.2.3.
Remark 1.
We conjecture that the correct power of the log should be, in fact, 1, as in [9] , and not 2 + δ.
Recall that the "green process", is the modified version of the forest fire process, in which there are no fires at all. Let N (t) be the size of the connected cluster of occupied vertices including the origin for the green process.
Let also f (t, n) := P(N (t) ≥ n).
We start with a special case.
Short range non-homogeneous process
This is a special case of the process when r = 1. It is straightforward here that
However, we can study it without reference to the green process, using Lemma 3 in [4] about the invariance of the distribution of τ x w.r.t. permutation of the rates λ 1 , . . . , λ x . From stochastic monotonicity of τ x w.r.t. to λ x , i.e.,
larger λ x corresponds to smaller τ x , we can conclude that τ x is stochastically bounded below and above byτ x /c 2 andτ x /c 1 whereτ x is the distribution found in Volkov (2009).
In particular, Eτ x = O(log x). See also Proposition 1 in [4] 3.2 Long-range process Let us consider the green process. Define B i = B i (t) as the event that node i is vacant at time t. Then B i are independent and P(B i ) = e −λit . Moreover,
Homogeneous long-range green process
Without loss of generality assume that λ = 1.
Theorem 2. The time of the first fire at point n for the green process is of order T = T n = log n r where r is the range of the process. More rigorously, for every ε > 0 we have
as n → ∞.
, that is, the probability that on the set of vertices {1, 2 . . . , n} there are no "holes" of length of at least r. Observe that p n satisfies the following recursion:
where α = α t := e −t . This formula is obtained by considering the first occupied site, which can vary from 0 to r − 1 without making this probability vanish. Therefore, the asymptotic behaviour of p n will depend on the largest solution of the characteristic equation
In particular, when r = 2 we get ξ 1,2 = 1−α±
While we cannot solve (3.3) explicitly except for r = 2 and r = 3, we can still find the critical value of t for a given n, that is, T . Indeed, from (3.2) we have P ( N (T (1 + ε)) < n ) ≤ ne −rT (1+ε) = n −ε → 0, and at the same time, since the unions of the events below are independent, where M = ⌊n/r⌋ − 1 and ⌊x⌋ denotes the integer part of x ∈ R. Consequently,
Thus Theorem 2 is proven.
Non-homogeneous long-range green process
The function f n (t) defined in (3.2) trivially satisfies the following Proposition 2. The function f n (t) satisfies the following trivial properties:
• For a fixed n, f n (t) is monotonically decreasing from n − r + 1 to 0 as t goes from 0 to +∞.
• For a fixed t, f n (t) is monotonically increasing in n and moreover f n (t) − f n−1 (t) ≤ e −rc1t .
Let us split the sum in f n (t) into r "almost" equal parts according to the value of the remainder when i is divided by r. Namely, for j = 0, 1, . . . , r − 1 let
First, we show that
Indeed, the upper bound trivially follows from (3.2). To show the lower bound note that at least one of f n,j (t), j = 0, 1, . . . , r − 1, must be larger than f n (t)/r; w.l.o.g. assume f n,0 (t) ≥ f n (t)/r. Then we have
Let t * = t * (n, α) be such that f n (t * ) = α ∈ (0, 1), it exists and it is unique by Proposition 2. Now set α = 1/2 and re-define T as T = t * (n, 1/2). Then
Proposition 3. Fix a small ε > 0. Then for the green process
Proof. Indeed, since
we have
By the same token,
As a result
and
Coupling the forest fire process with the green process
Fix γ ∈ (1, 2), and let us define the increasing sequence of times ν k = γ k (we will assume that all ν k are integers, to avoid cumbersome notations). Let n k = min{n ∈ Z + : f n (ν k ) ≥ 1/2}, T k = t * (n k , 1/2). Proof. We have
On the other hand, for any small positive δ
hence from Proposition 2
For k large enough, ν k is also large, and so is T k ≥ ν k , which yields that e −rc1(T k −δ) is very small, yielding that the RHS of the above expression is larger than 1/2, so
by monotonicity of f n k −1 (·). Consequently, ν k ∈ [T k − δ, T k ] for all large k.
Now we are ready to present the proof of our main result.
Proof of Theorem 1. Next, fix an ε > 0 so small, that
From Propositions 3 and 4 we have
Let τ green x denote the time required for the green process to reach point x ∈ Z + . We have obtained therefore
To simplify notations, denote y = n k and y ′ = n k+1 . Let τ Observe that the green process and the fire process reach y 0 at the same time (see the proof of Proposition 1).
Note also that
Additionally, the probability that there exists at least one point on the segment [z, y ′ ] where 0 < z < y ′ for which there were no arrival whatsoever during the time interval τ One of these fires that burns y will also eventually burn point y ′ as well, so we can write
is a decreasing sequence of events. In other words, A i corresponds to the event that during the first i fires at point y, point y ′ has not yet been reached. Moreover, τ
Fix a positive integer m and let us estimate P(A i+m | A i ). First, for a given i, define the location of the first local minimum k as the unique non-negative integer such that
if it exists, and set k = ∞ otherwise. Consequently,
using the symmetry amongst y j 's.
Note that on the event A i , we have y i−1 ≤ y green i−1 < y ′ . Therefore, P(y i ∈ [y green i−1 , y ′ ] | A i ) = o(1) according to (3.8) . Define for m ≥ 2 the events
and observe that the events Q 0 , Q 1 , . . . , Q m−2 ,Q form a partition of the probability space. Also, on the event
Combining the results above, we obtain
Trivially bounding P(A 1 ) by 1, and P(A 2 ) = P(y 0 , y green 1 < y ′ ) = P(n 0 , n * 1 < y ′ ; y 1 < y 0 ) + P(y 0 , y green 1 < y ′ ; y 1 ≥ y 0 ) by 1 2 + x −β and then iterating (3.10) with m = 2 together with the fact that P(A i+m ) = P(A i+m | A i ) · P(A i ), we get for j = 1, 2, . . .
Consequently, (3.9) gives
can be made arbitrary close to 2 by choosing γ ↑ 2. This proves Theorem 1.
We want to get some estimates for the "green" process in case of the continuous space model, i.e. the one where by time t ≥ 0 we have a Poisson point process on R + (=the set of occupied sites) with rate t, and each point is a center of a circle of radius 1.
We say that two sites x and y of the Poisson process are connected if |x − y| ≤ 1. We assume that 0 is always occupied. With these definitions we can also define the cluster of occupied sites containing zero, which will be the subset of points of the Poisson process x 1 = x 1 (t), x 2 = x 2 (t), . . . , x n(t) = x n(t) (t) such that
where n = n(t) is the number of sites in the cluster. Let also N (t) = x n(t) (t) be the location of the right-most site in the cluster, and τ x , x > 0, be the smallest positive time for which x ≤ N (t); thus
We will try to find the estimate for N (t) and τ x ; some similar results can be found in literature, see e.g. Proposi- Using the Taylor expansion at λ = 0 we get the first moments of N (t),
Var(N (t)) = e 2t − 1 − 2te t t 2 = (e t − 1 − t) 2 + 2(e t − 1 − t − t 2 /2) t 2 .
It is easy to check that lim t→∞ E e −λN (t)/E(N (t) = 1/(1 + λ) for ℜeλ > −1, thus te −t N (t) −→ Exponential mean 1, in law.
Consequently, as t → ∞, P(N (t) > e t ) = P(te −t N (t) > t) = o(1) and P N (t) < e t /t 2 = P te −t N (t) < 1/t = o(1).
This, in turn, implies The following statement can be proven following verbatim the lines of the proof in Section 3.2.3 with x k = ν k , since the estimate (3.5) is ensured by Proposition 5.
Theorem 3. For the continuous model of forest fire on R + we have that for any δ > 0 and all large x Eτ x ≤ (log x) 2+δ .
